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Where x,y,z and t are all independent variable. For a particular (x1, y1,z1) and t1 the

above eguation gives the value of velocity of the field at that position and at time
t1. Thisis most common form of presenting the velcoity field.
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: Refer to the lecture videos of Prof. Sunando.
_ for further explanation, Lecture 9 to 16.
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Refer to the lecture videos of Prof. Sunando. 
for further explanation, Lecture 9 to 16. 
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Equation of continuity in substantial derivative
q.‘v[“ Df — - f(vw form

ST -r_")\f‘ o atagP = [q "CJ "F"Pg‘ ]ICEOGrnr:tnationofmotioninwsb.derv.
1

R B P | % [F+t (v3)-

Energy equation in the subgtanal derivative form. This equation has been obtained by taking dot product of velocity v with
the equation of motion.
Each term of the energy equation has the unit. rate of change of energy per unit volume.
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Equation of continuity in substantial derivative form
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Typewriter
Equation of motion in susb. derv. form

Raghwendra
Typewriter
Energy equation in the substatial derivative form. This equation has been obtained by taking dot product of velocity v with the equation of motion. 
Each term of the energy equation has the unit.  rate of change of energy per unit volume. Here it is better to refer to the dot product section given in the appendix 
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Syvum Info Page: https://www.syvum.com/cgi/online/serve.cgi/eng/fluid/fluid306.html

Transport Phenomena - Fluid Mechanics Problem :
Radial flow of a Newtonian fluid between parallel disks

Problem.

Steady, laminar flow occurs in the space between two fixed parallel, circular disks separated by a small gap 2b. The
fluid flows radially outward owing to a pressure difference (P; — P;) between the inner and outer radii »| and r>,
respectively. Neglect end effects and consider the region 71 < r < r, only. Such a flow occurs when a lubricant flows
in certain lubrication systems.

Flow Irl r=ry r= r
i zZ=+b
. z :
¢ F?oa\sugut Lr FT;\?:I:SU =-h . . .
= Figure. Radial flow between two parallel disks.

a) Simplify the equation of continuity to show that » v,. = f, where fis a function of only z.
b) Simplify the equation of motion for incompressible flow of a Newtonian fluid of viscosity x and density p.
c) Obtain the velocity profile assuming creeping flow.
ketch the velocity profile v, (r, z) and the pressure profile P(r).
¢) Determine an expression for the mass flow rate by integrating the velocity profile.

f) Derive the mass flow rate expression in e) using an alternative short-cut method by adapting the plane narrow slit
solution.

Solution.

(=) Click here for stepwise solution

a)

(= Step. Simplification of continuity equation

Since the steady laminar flow is directed radially outward, only the radial velocity component v, exists. The
tangential and axial components of velocity are zero; so, vg =0 and v, = 0.

For incompressible flow, the continuity equation gives V.v = 0.

In cylindrical coordinates,

lé(rv,)Jr 10\/9 N ov,

8
7 [ i = O
ror roo T 0 2 5t (1

On integrating the simplified continuity equation, v, = f{0, z). Since the solution is expected to be symmetric about

10/20/2020, 12:03 PM
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the z-axis, there is no dependence on the angle 6. Thus, f'is a function of z only and not of 7 or . In other words, 7 v,

= f(z). This is simply explained from the fact that mass (or volume, if density p is constant) is conserved; so, p (2 7 r
v,-dz) = dw is constant (at a given z) and is independent of r.

b)

(=) Step. Simplification of equation of motion

For a Newtonian fluid, the Navier - Stokes equation is

Dv
P oy = VP 2)

in which P includes both the pressure and gravitational terms. On noting that v, = v,(r, z), its components for steady
flow in cylindrical coordinates may be simplified as given below.

P oP . 0 10 .. &2y
x r 0 cv=x 0 ru
. t: e o HPsareror " :
r - componen Pa r or 9 or &ore ror rvr) o g2 *
; t o_ P (4)
- component : T %0
compone 060
oP
z - component : 0= & ®
0z

Recall that 7 v, = f{z) from the continuity equation. Substituting v, = f/  and P = P(r) in equation (3) then gives

f2o__dp udy

—pl == 6

c)

(= Step. Velocity profile

Equation (6) has no solution unless the nonlinear term (that is, the % term on the left-hand side) is neglected. Under
this 'creeping flow' assumption, equation (6) may be written as

s s (7

The left-hand side of equation (7) is a function of 7 only, whereas the right-hand side is a function of z only. This is
only possible if each side equals a constant (say, C). Integration with respect to » from the inner radius 7| to the

outer radius r, then gives P, — P1 = Cy In (/r1). On replacing Cy in terms of £,

10/20/2020, 12:03 PM
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r26d2f
0=P~P)+ Cpln—-°%2 8
(P1—P) s K nrlﬂdzz ()

The above equation may be integrated twice with respect to z as follows.

df — AP

g - 2 4 9
dz  win(ralr)” ! ©

_iZ_f_C +C = v:inrchrCz 10
S = i ) 1z2m 2 T 2urin(rin) © Ly (10)

Here, AP = P1 — P;. Equation (10) is valid in the region 1 <r<ryand -b <z < b.

Imposing the no-slip boundary conditions at the two stationary disk surfaces (v, = 0 at z=+b and any r) gives C; =0

and Cy = AP b?/ [2 i In (rp/r1)]. On substituting the integration constants in equation (10), the velocity profile is
ultimately obtained as

.2
= AP—bz ¢, _®Z0 u (1

Vr .. \ N
2urin(rn/r) é ¢bo 1

d)

The velocity profile from equation (11) is observed to be parabolic for each value of  with v, = AP P2/[2purin
(r/r1)]. The maximum velocity at z = 0 is thus inversely proportional to ». In general, it is observed from equation
(11) that v, itself is inversely proportional to r. Sketches of v,{(z) for different values of » and v,(r) for different values
of |z| may be plotted.

The pressure profile obtained by integrating the left-hand side of equation (7) is (P — P2) / (P1 — P2) = [In(r/rp)] /
[In(r1/r7)]. A sketch of P(r) may be plotted which holds for all z.

e)

(=) Step. Mass flow rate by integrating velocity profile

The mass flow rate w is rigorously obtained by integrating the velocity profile using w =[ n . pv dS, where n is the
unit normal to the element of surface area dS and v is the fluid velocity vector. For the radial flow between parallel
disks, n =9, , v=1v,9,, and dS = 2nr dz. Then, substituting the velocity profile from equation (11) and integrating

gives
b 2, . 3 . b 3
w= [ pvQrrde = TAPb p e, u o AT AP L p (12)
b pln(rp/ry) € 3p20_,  3uln(ry/ry)
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f)

(=) Step. Mass flow rate using short-cut method by adapting narrow slit solution

The plane narrow slit solution may be applied locally by recognizing that at all points between the disks the flow
resembles the flow between parallel plates provided v, is small (that is, the creeping flow is valid).

The mass flow rate for a Newtonian fluid in a plane narrow slit of width W, length L and thickness 2B is given by w

=2 AP B3 Wp /(3 u L) (click here for derivation). In this expression, (AP/L) is replaced by (— dP/dr), B by b, and W
by 2zr. Note that mass is conserved; so, w is constant. Then, integrating from | to r) gives the same mass flow rate

expression [equation (12)] as shown below.

24 3,02 4z (Py — Py) b
L, [ dr _ Amb 1 (ap) - Y m(P1—P2) b’ p (13)
n '’ 3w p 3p In (rafry)

This alternative short-cut method for determining the mass flow rate starting from the narrow slit solution is very
powerful because the approach may be used for non-Newtonian fluids where analytical solutions are difficult to
obtain.

Related Problems in Transport Phenomena - Fluid Mechanics :

Transport Phenomena - Fluid Mechanics Problem : Newtonian fluid flow in a parallel - disk viscometer

ermination of the tangential velocity profile rather than the radial velocity profile for flow between two parallel, circular disks

© 1999-2020 Syvum Technologies Inc.
WWW.Syvum.com
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solid conductivity. Further, Bi number tells us whether Lumped capacitance model is used? if Bi isless than 0.2 then lumped

capcitance model is used to get the temperature of an object.
In lumped capacitance model the spatial variation of the temperature withing the object is neglected.
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Biot number and Nusselt number are similar but the difference is in conductivity in Nu it is liquid conductivity whereas in Bi it is solid conductivity. Further, Bi number tells us whether Lumped capacitance model is used? if Bi is less than 0.2 then lumped capcitance model is used to get the temperature of an object. 
In lumped capacitance model the spatial variation of the temperature withing the object is neglected. 
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Assignment: Refer to example problem 11.5-1 and 11.5-2 of Bird. 
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